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Abstract. Let _R be a two-dimensional regular local ring having an 
algebraically closed residue field and let a be a complete ideal of finite 
colength in i?. In this article we investigate the jumping numbers 
of a by means of the dual graph of the minimal log resolution of 
the pair (X, o). Our main result is a combinatorial criterium for a 
positive rational number ^ to be a jumping number. In particular, 
we associate to each jumping number certain ordered tree structures 
on the dual graph. 



1. Introduction 

Multiplier ideals have in recent years emerged as an important tool 
in algebraic geometry. Given a closed subscheme of a smooth complex 
variety, there is a nested sequence of multipher ideals parametrized by the 
positive rational numbers. A jumping number is a value of the rational 
parameter at which the multiplier ideal makes a jump. Jumping numbers 
form a discrete set of invariants, which contains important information 
about the singularities of the subscheme in question. 

Jumping numbers are defined by using an embedded resolution of the 
subcheme. They depend on the exceptional divisors appearing in the 
resolution. The purpose of this article is to look at jumping numbers from 
the point of view of the combinatorics of exceptional divisors in the case 
of a smooth surface. In particular, we associate to each jumping number 
certain ordered tree structures on the dual graph of the resolution. These 
structures generalize the one discovered by Veys in [11] while he was 
studying poles of the topological zeta function 

To describe our work in more detail, let a be a complete ideal of finite 
colength in a two-dimensional regular local ring R having an algebraically 
closed residue field. Let X — > Spec i? be a minimal log resolution of the 
pair (i?, a). Let D be the divisor on X such that Ox{—D) = aOx- Let 
El, ... , En be the exceptional divisors. Recall that a divisor F = fiEi + 
. . . + ffqEM is called antinef if F-E^ <0 for all 7 = 1, . . . , A^, where F-E^ 
denotes the intersection product. Our starting point is the observation 
made in [7] that jumping numbers of a can be parametrized by the antinef 
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divisors. More precisely, the jumping number corresponding to F is 



C,F '■= min 



where D = diEi + . . .+dNEN and K = kiEi + . . . + kNEN is the canonical 
divisor. 

Let r denote the dual graph of X. Recall that the vertices of the dual 
graph correspond to the exceptional divisors and that two vertices are 
adjacent if and only if the corresponding exceptional divisors intersect. 
The above considerations motivate us to investigate the function A(/^, 7) 
on |r|, where 

ct -\- k^ -\- 1 
A(a,7) ■■=^^ 

for any a G Z and 7 G |r|. By the above the minimum value of A(/^,7) 
is now the jumping number ^ = ^p. We call the set 

^^;={^G|r||A(/„7) = e} 

the support of ^ with respect to the antinef divisor F. 

Our main result Theorem 14.31 is a combinatorial criterium for a positive 
rational number ^ to be a jumping number. We observe that it is possible 
to choose the divisor F in such a way that A(/^, 7) strictly increases along 
every path away from the support. By assigning the number A(/^,7) to 
each vertex 7, we can make the dual graph an ordered tree. An end 
of Sp must either have at least three adjacent vertices or correspond to 
some Rees valuation of the ideal. Moreover, one may assume that Sp is 
a chain such that the vertices corresponding to Rees valuations do not 
occur at the non-ends of 5*^. 

We also want to understand how the so called contributing divisors 
arise. The notion of contribution to a jumping number by a divisor was 
introduced by Smith and Thompson in [9], and the investigation has 
then been continued by Tucker in [10] . It turns out in Theorem 14.161 
that every critically contributing divisor, in the sense of Tucker, is of the 
type Yl-yeSp "^t" However, the converse is not true. Therefore we give in 
Theorem 14.191 a necessary and sufficient condition for a reduced divisor 
to be a critically contributing one. 

Using Theorem 14.31 we will also show in Corollary I4.1UI that given a 
vertex with at least three adjacent vertices or a vertex corresponding to a 
Rees valuation of the ideal, there is always a jumping number supported 
exactly at this vertex. Note that a support of a jumping number always 
contains vertices of this type. Moreover, by means of Theorem 14.31 we 
can in Proposition 14.121 construct from a given jumping number certain 
new jumping numbers having the same support as the original one. 

Our main technical tool is Lemma 13.61 which helps us to construct 
suitable antinef divisors F. This is inspired by the work of Loeser and 
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Veys concerning the numerical data associated to the exceptional divisors 
of the resolution (see |S] and [H]). 

Finally, we would like to refer to the book of Favre and Jonsson ([3]) 
for related topics. It would be interesting to know whether our results 
can be interpreted in their 'tree language'. 

2. Preliminaries 

We begin by fixing notation and recalling some basic facts from the 
Zariski-Lipman theory of complete ideals. For more details, we refer 
to m, m, and [7]. 

Throughout this article R denotes a regular local ring of dimension two 
having an algebraically closed residue field. Let a be a complete ideal of 
finite colength in R. Let vr: X — )■ Spec(i?) be a minimal principalization 
of a. Then X is a regular scheme and aOx = Ox{—D) for an effective 
Cartier divisor D. Note that vr is a log resolution of the pair (Speci?, a), 
i.e., the divisor D + Exc(7r) has simple normal crossing support, where 
Exc(7r) denotes the sum of the exceptional divisors of tt. 

The morphism vr is a composition of point blowups of regular schemes 

71 : X = Xjy+i ■ ■ ■ — ^ X2 Xi = Spec R, 

where : X^+i — )■ X^ is the blowup of X^ at a closed point G 
X^ for every /i = 1, . . . ,N. Let and E^, respectively, be the strict 
and total transform of the exceptional divisor 7r~^{a;^} on X for every 
H = 1, . . . , N. We denote by the discrete valuation associated to the 
discrete valuation ring Ox,e^, in other words, is the mx^,x,r^dic order 
valuation. 

Recall that a point a;^ is said to be infinitely near to a point x^,, if the 
projection X^ — )■ X^, maps to Xi^. This relation gives a partial order 
on the set {xi, . . . , x^}- A point x^ is proximate to the point x^, denoted 
by /X >- z/, if and only if x^ lies on the strict transform of 7r~^{xy} on X^. 
Following [H Definition-Lemma 1.5], the proximity matrix is 

{1, if /i = z/; 
-1, if /i >- z/; 
0, otherwise. 

Note that this is the transpose of the proximity matrix given in [1^ p. 6]. 
We set Q = {qfj,,u)NxN ■= P^^ ■ The equation PQ = 1 immediately gives 
the formula 

(1) qi,,u = ^qp,^ + Sf,,^. 

If x^ is infinitely near to x^, then q^^i, > while g^,;^ = otherwise. 
Clearly q^^^ = 1 for all /i = 1, . . . , X. 

We denote by F the dual graph associated to our principalization. It is 
well known that F is a tree. Let |F| be the corresponding set of vertices. 
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Recall that there is a vertex v corresponding to each exceptional divisor 
weighted by the number wr(z^) := — -E"^- Note that 

wy{v) = 1 + G |r| I /i >- v}. 

Two vertices \i and v are called adjacent if they can be joined by an edge. 
This is the case if and only if the corresponding exceptional divisors Efj_ 
and El, intersect. We write fi u. Then either n -< v oi jj, )^ v. 
Suppose, for example, that fi >~ u. Then z/ ~ /i in fact means that is 
a maximal element in the set of infinitely near points proximate to x^- 
The valence vr(i^) of a vertex u means the number of vertices adjacent 
to it. If vrii') > 2, then u is called a star. A vertex r with vrir) = 1 is 
an end. The distance between two vertices G |r| is defined as 

/i) :— min{r \ v — uq ■ ■ ■ r-^ Ur — /i, where uq, . . . ,i/r & |r|}. 

Furthermore, if 5" C |r|, we set 

5") := min{d(i/, //) | // G S}. 

If (i(z/, S) = 1, then we write u S. 

We consider the lattice A := ZE'i © ... © ZEn of exceptional divisors 
on X. The lattice A has two other convenient bases besides {Ef^ \ ji — 
1, . . . , A^}, namely {i?* | /i = 1, . . . , A^} and | = 1, . . . , A^}, where 
E^- El, — — for /i, 1/ = 1, . . . , A". For any G G A, we write 

G = g^E^ + . . . + ^iv^^jv = glEl + . . . + = g^E^ + . . . + ^jv^iv- 

The following base change formulas now hold: 

(2) / = ^P^ and ?=^P^P = /P, 

where g, g* and g denote row vectors in Z". Here {P'^P)^^^, — —E^ ■ E,y. 
In particular, note the formulas 

(3) 9ti^ 9*^,-^9t^wr{-f)gi,-'^gu {n^l,...,N). 

The support of a divisor G G A is |G| :— {7 G |r| | g^ ^ 0}. 

Recall that a divisor P G A is antinef if = — P • > for all 
1/ = 1, . . . ,N. Equivalently, the proximity inequalities 

(4) /;>E/-* (/. = !,..., AT) 

hold. Note that they can also be expressed in the form 

(5) wr{pi)f^>J2U (// = !,..., AT). 

In fact, if P 7^ is antinef, then also /j, > for all 1/ = 1, . . . , A^. There 
is a one to one correspondence between the antinef divisors in A and the 
complete ideals of finite colength in R generating invertible Ox-sheaves, 
given by P -H- r{X,Ox{-F)). For a divisor G G A, there exists a 
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minimal one among the antinef divisors F satisfying F > G. This is 
called the antinef closure of G and denoted by We have 

r(x, Ox{-G)) = r(x, Ox{-G-)) 

for any divisor G G A. 

Recall that an ideal is called simple if it cannot be expressed as a prod- 
uct of two proper ideals. By the famous result of Zariski, every complete 
ideal factorizes uniquely into a product of simple complete ideals. More 
precisely, 

where C -R denotes the simple complete ideal of finite colength cor- 
responding to the exceptional divisor E^^ and > if and only if 
is a Rees valuation of a. We have p^Ox = Ox{—E^) so that = 
T{X,Ox{-E^)). By® 

(6) Ef, = Y^ q,i,uE* = qy^pq^^pE^. 

In particular, we observe the reciprocity formula 

(7) v^{p^) = Yq^^pq^^p = Vp{p^) = 1, . . . , N). 

p 

For fi jy, the proximity inequalities now become equalities 

We will next recall the definition of jumping numbers. A general ref- 
erence for jumping numbers is the fundamental article [2]. Recall first 
that the canonical divisor is K = 'YliyEl. The formulas ([2]) now give 

(8) K = Yq,,p and K = EI + 2 (z/ = 1, . . . , iV). 

By ([3]) we then obtain an important relation 

(9) wt{v)K = 2 - wt{v) + {v = l,...,N). 

For a nonnegative rational number S,-, the multiplier ideal J{o.^) is 
defined to be the ideal 

J(a«):=r(X,Ox {K - [iD\)) d R, 

where \_^D\ denotes the integer part oi ^D. It is now known that there 
is an increasing discrete sequence 

= ^0 < 6 < 6 < ■ ■ ■ 

of rational numbers characterized by the properties that J{o.^) = 
J{a^') for ^ e [^i, ^j+i), while J{a^'+^) C ^^(a^') for every i. The numbers 
^1, ^2; • • • ; are called the jumping numbers of a. Note that contrary to [21 
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Definition 1.4], we don't consider as a jumping number. Clearly, this is 
no restriction. The following Proposition 12. which is fundamental for 
the rest of this article, results from [TJ Proposition 6.7 and Proposition 
7.2]. 

Proposition 2.1. Let R be a two-dimensional regular local ring and let 
a <Z R be a complete ideal of finite colength. Then ^ is a jumping number 
of a if and only if there exists an antinef divisor F G A such that 

, , . fu + K + 1 
4 = 4f := mm . 

Moreover, if b is the complete ideal corresponding to F , then 
e = inf{c G Q>o I J{a') t 

Notation 2.2. We write for any integer a and for any vertex v 

X a + fcj. + 1 
A(a,z/) := 

and call the set 

Sf:= {iye\T\\X{f,,u) = ^} 

the support of the jumping number ^ with respect to the antinef divisor 
F. 

3. Relations between numerical data associated to 
exceptional divisors 

Let ^ be a jumping number of the ideal o. In order to define an or- 
dered tree structure on the dual graph as described in the introduction, 
we must be able to construct an antinef divisor F such that ^ = C,f and 
that A(/^,7) increases along every path away from the support Sp- Pro- 
ceeding inductively, suppose that we are given a vertex 7 and a vertex 
?7i ~ 7 such that (^(7, Sp) > d{rii, Sp)- Suppose, furthermore, that num- 
bers f-y and fr,^ have been defined in such a way that A(/^, 7) > A(/^j, r^i). 
The key issue is to find for vertices rji ^ rj ^ j suitable numbers with 
the property that \{fri,v) > ^if-yyl)- This problem will be addressed in 
Lemma 13.51 which is the main result of this section. Other details of the 
above construction will be postponed till Lemma 14.11 in the next section. 

We begin with the following lemma: 

Lemma 3.1. Let F & A be a divisor. Let 7 G |r| be a vertex such that 
> and ^ := A(/^, 7) < A(/^, rj) when rj •y. Then 

e^7>/7-^r(7) + 2. 

In particular, this implies the following: 

a) //fr(7) < 2 and dj = 0, then there are exactly two vertices rj 
adjacent to 7 and A(/^,?7) = ^ for both of those. Furthermore 

1 = 0. 



b) If vri'j) = 1, then ^d^ > f-y + I- Especially, d^ > 0. 
Proof. By the formulas ([3]) and ([9]) we obtain 

, ^ ^r(7)(/7 + ky + l) ^ Eri^yif, + kr, + l) + f,- vril) + 2 

Ml)d, Er^^^d^ + dy 

Since 



+ A;^ + 1 



dr) 

we must have ^d^ > f^ — vr{j) + 2. 

When fr(7) < 1, this immediately gives d^ > 0. Then suppose that 
dy = and fr(7) = 2. Now f-y — vr{'y) + 2 < is possible only if 

fy = vr{-f) -2 = 0. 

But then 

Ylr^r^y dr] 

which implies that ^ = A(/,,, 77) for both t] 'y. □ 

For any two vertices 1^,7 G |r|, set 

k + 1 

a^^y := /Cj, + 1 d^ = (i^(A(0, z/) - A(0, 7)). 

The numbers a^^u were first investigated by Loeser in [6j in the case of an 
embedded resolution of a curve. Van Proeyen and Veys generalized his 
results to the ideal case in [8] . The following Lemma 13.21 and Lemma 13.31 
are due to them (|H1 Proposition 3.1 and Corollary 3.2]). Since we have 
slightly modified the statements, we include the proofs here for the con- 
venience of the reader. Moreover, working in a more algebraic context, 
we also prefer to prove these results directly without utilizing the results 
of Loeser. 

Lemma 3.2. If 'j E \T\, then 

ky + 1 



a-y^u = vri'j) - 2 + d. 

Proof. By the relation 



^ fc^ = wr(7)^7 + ^r(7) 



and by the formula ([3]) 

di, = wr{'j)dy — dy. 



i/r^y 
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It follows that 



wri'j) {k^ + 1) + vt{i) - 2 - {wT{l)d^ - d^^ 
vri-f) - 2 + d. 



d^ 



k^ + 1 



"1 



□ 



Lemma 3.3. Let 7 G |r|. 

a) For every rj j, either 



or d^ = and rj is the only vertex adjacent to 7, in which case 



"1 



b) For all except at most one r] ^ 'y, a^i.^ > 0. More precisely, if 
«7,»y < for some rj ■y, then a^^y > for all rj u j , unless 
a-y^r^ = 0, d^ = and there are only two vertices rj' ^ 'y ^ rj, in 
which case also a-y^r]' = 0. 

Proof, a) Consider the sequence of point blowups 

(10) 7r:X = X^+i^---^X2^Xi = Speci?, 

where vr^ : X^^i — )■ is the blowup of at the closed point G X^ 
for every /i = 1, . . . , A^. We shall proceed by induction on N, the case 

= 1 being trivial. Consider the exceptional divisor En arising in the 
last blowup. Depending on whether xn lies in an intersection of two 
exceptional divisor or not, En intersects one or two exceptional divisors. 
In other words, the vertex N is adjacent to one or two vertices. 

Suppose first that the vertex N is adjacent to only one vertex (3. We 
consider the ideal 

It has the minimal principalization 

(11) Xn ^ . . . ^ ^ Xi = Speci? 

The associated proximity matrix and its inverse are clearly restrictions 
of those of ffTOl) . So k^ = ki^ for every v ^ N . Because N is adjacent 
only to /3 and i?^ = —1, the proximity equation for the ideal py gives 
Vn^v) = ^^/^(pj/)- By the reciprocity formula ([7]) we then obtain 

Vv{Pn) = Vn{Pu) = Vfi{pu) = Vi,{pfi). 

Hence 

dl = dNVjyipp) + ^ d^,Vu{pij.) = dNVy{pN) + ^ df,v,y{p^) = dy 



for all V ^ N . By the induction hypothesis, the claim therefore holds if 
'J,!] N. It remains to consider the numbers ajj^jy and ajy^jj. 

We first observe that being proximate only to (3, we have qjy^^ = q^^i, 
for all z/ ^ by By we thus get 

^TV = ^ Qn^v = ^ qi3,u + 1 = kp + l. 

Moreover, the base change formula ([2]) gives 

(In = dy{—Ey ■ En) = cIn — djs. 



We then get 



ap,N = kp + 2 — {dp + c^at) = 1 - ^at— - — = I - dN 

dp dp dp 

Using ([7]), we have 

^^/3(P/3) = ^(ll,u > ^^1^,1^ = kp. 



Thus 



so that 



d'p = dNVp{pp) + ^ d,yVp{pu) > dNkp + ^ d,yVp{p^ 

u^N u^N 



o<?„^£±i< — <^ii±i<2. 

kp + J2^^Nid^/dN)vp{pu) 

Therefore —1 < ap^N < 1- Moreover, by the above the equality ap^N = 
—1 can take place only if A;^ = 1 and d^ = for all u ^ N. This means 
that we must have (3 = 1 and a = p^T- In particular, is the only vertex 
adjacent to (3 and dp = 0. Thus a) holds for ap^N- In order to show that 
a) holds for aN,p, too, we note that 

dp _ dp 



OlN,l3 — —Otl3,N-r~ — ~(^I3,N 



1 '^p,i\ ^ 

"Af dp + d_ 



N 



As necessarily dN > 0, we see that Ioat,/?! < 1. 

Let us then consider the case where the vertex A^ is adjacent to two 
vertices, say (3 and f3'. Now let 

a' ■.= pfpp II pt 

u^N 

The ideal o' has a similar minimal principalization as in the preceeding 
case. Analogously one obtains d'^^ = d^, k^ = k^ for u N, dN = 
dp + dpi + dN and kN = kp + kp' + 1. By induction we only need to prove 
the claim for aN,p, OiN,pi and ap^N^ oipi^N- We consider here only aN,p 
and ap^Ni the proof for aN,pi and ap'^N being similar. 



Set m := fr(/3). Note that ~r' /3, where T' denotes the dual graph 
of the minimal principalization of a'. Therefore we have m = vr'{/3), too. 
By Lemma [3.21 we get 



= m - 2 + 



/3- 



and 



d 



^ ap^y = m - 2 + {dp + dj^)^ . 

(Ir 

Together the above equations imply that 

kp + l 



«/3,Af — OijB^pi — d 



N- 



dp 

By the induction hypothesis, ap^p' < 1. Thereby also ap^N < 1- We still 
need to show that ap^jsi > —1. As ap^y < 1 for every N u f3, we see 
that 

^ ap^^ < m - 1, 
where the equality holds if and only if m = 1. Hence 



Ev^ ^ A;« + 1 

ap,u- 2^ ctp^y> -1 + dp— — > -1. 



We conclude that \ap^N\ < 1 unless m = 1 and dp = 0, in which case 
Af = — 1- Finally, we have 



dfi d 



13 



"Af dp + dpi + dN 

Because |a^,iv| < 1 and d^^ > 0, we obtain |aAr^^| < 1 as wanted. 

b) Obviously, there is nothing to prove if 7 has only one adjacent vertex. 
Thus we may assume that m := fr(7) > 2. Suppose that there are two 
vertices adjacent to 7, say r] and t]', with < 0. It then follows 

from Lemma [3.21 that 

ce-y^u > m — 2. 

On the other hand, a^^i, < 1 for every z/ ~ 7 by a). Subsequently, if 
m > 2, then 

m — 2 > a^^^. 

Hence necessarily m = 2, and further, by Lemma 13^ we also have a^^ri = 
= a^^ri' and d^ = 0. □ 
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Notation 3.4. Let 7 G |r| and let be a nonnegative integer. Suppose 
that 

Set 

Aj := drj^X{a^, 7) - krj^ - 1 (j = 1, . . . , m) 

so that 

H^j,Vj) = A(a^,7)- 

Also write 
where < 6j < 1. 

Lemma 3.5. With the preceeding notation, we have 



Aj + (i^A(a^, 7) + m - 2 = wr{'y) 
i=i 

In particular, 

m 

[AjJ + m - 2 = wr(7)a^ - (f, 

m 

is a nonnegative integer. 

Proof. By the formulas ([3]) and (|9]) 

^ , , wr(7)(a7 + k^ + l) w^r(7)«7 + EJli ^r?, + 2 
A(a^,7j = ' - = ^ — . 

Mi)d, Er=i^.,+rf7 

Therefore 

m 

y^ Aj + (i^A(a^, 7) + m — 2 = wr(7)a^. 

The last statement is now obvious. □ 

The following lemma, which can be considered as a generalization of 
Lemma [3. 3[ will play a crucial role in the sequel: 

Lemma 3.6. Given any vertex 7 G |r| and any nonnegative integer a^, 
we may choose for every vertex rj •y a nonnegative integer ar, so that 

wr{'y)a^ = ^a?, and X{ari,ri) > A(a^,7), 

where the latter inequality holds for each rj ^ •y except at most one. More 
precisely, if 

{v\v^l} = {Vi,---,Vm}, 

where m > 1, then the following is true: 
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1) If it is possible to find a nonnegative integer a^^ with A(a^j,r7i) = 
A(a^,7), then one may choose the other integers ar^. so that 

for all 1 < j < m. Moreover, this choice can be done in such 
a way that the strict inequality holds for all except at most one 
1 < j < m. In the case we already have a nonnegative integer 
ar^2 with X{ar)2,i]2) = A(a^,7), we can assume that the inequality 
is strict for all 2 < j < m. 

2) // it is possible to find a nonnegative integer a^^ with A(a^j, r/i) < 

A(a^,7) or, in the case d^ > 0, A(a^i,?7i) = A(a^,7), then one 
can choose the other integers in such a way that 

X{ar^^,rij) > A(a^,7) 

holds for every 1 < j < m. 

Proof. Obviously we may assume that m > 1. 

In the case = 0, we set = for every rj •y. Since 

X{ar„r]) - A(a^,7) = 

the claim follows from Lemma 13.31 



Suppose thus that > 0. By Lemma [3]3] a„ > —1. Then 



As > 0, this implies that 



A. = ^-«_. >0. 



dry 



By Lemma [3.51 



[AiJ + 5^(LA,J + 1) = wr{7)a^ + 

J=2 



where 



i=i 

is a nonnegative integer. 

We can assume that for some j there exists a nonnegative integer 
Qri- with X{af^.,rij) < A(a^,7). If this is not the case, then choose any 
nonnegative integers a^^- satisfying 



m 



Then X{aj^.,rjj) > A(a^,7) for all j = 1, . . . , m by the above assumption. 
But this means that we have proven the claim. 
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Suppose thus that, for example, A(a^^,?7i) < A(a^,7). We will first 
consider the case A(a^^,77i) < X{a^,j). Because A(a^,7) = A(A^j,r7i), 
this implies that a^^ < Ai. Then either a^^ < [AiJ — 1 or a^^ = [AiJ 
and Si > 0. In the first case we write 

m m 

LAiJ - 1 + + 1) = E L^^J +m-2< wr{^)a„ 

j=2 j=l 

whereas in the latter case we have </? > 1 so that 

m m 

[AiJ + E(LA,J + 1) = 5^ LA,J + m - 1 = wr(7)a^ + 1 - <^ < Wir(7)a7- 

It comes therefore out that it is possible to find numbers a^^ > [AjJ +1 > 
Aj for j = 2, . . . , m such that 

m 

= wr(7)a7- 

Because A(a-j,,7) = X{Aj,rij), a^i^ > Aj implies \{arjj,rij) > A(a^,7). 

Consider then the case A(a,j^,?7i) = A(a-j,,7). Now a^j = Ai = |_AiJ. 
We immediately observe that the above argument works if di > 0. This 
is the case also if some Sj > 0. We can therefore assume that 52 = 0. 
Then A2 — [A2J is an integer. Take — A2. We can now write 

m m 

LAiJ + LA2j+5^(LA,J + l) = LAjJ+m-2 < wr{-f)a^-^ < wr{^)a^. 

j=3 j=l 

Finally note that A(a^2) ^72) = X{a^, 7) of course implies — A2. □ 

4. Main results 

Wc first want to give a criterium for a positive rational number to be 
a jumping number. We begin with two lemmata. In the first one an 
antinef divisor is constructed for an ordered tree structure on the dual 
graph: 

Lemma 4.1. Let 5" C |r| &e a connected set of vertices. Suppose that 
there is a collection of nonnegative integers {aj, e N | d{i', 5") < 1} such 
that 

i) \{au, v) > ^ = A(a^, 7) for any j G S and v ~ 5"; 

ii) WY-{^^a^ > 'Y^du for every ■j & S. 

Then there exists an antinef divisor F e A such that 

1) fi, — ttv for all 1/ e |r| with d{v, S) < 1; 

2) /;/ = for V ^ S unless v is an end; 

3) For any u ^ /j, such that d{u, S) > d{fi, S) we have 
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Proof. UN = 1, then there is nothing to prove. Suppose thus that 
> 1. We will define nonnegative integers fiy inductively on d{i>,S). 
First set = a^, for all z/ G |r| with S") < 1. If 5 = |r|, we are done. 
Suppose then that f^, has been defined for some u G |r| with (i(z/, S) > 0. 
Because S is connected and T contains no loops, there is a unique /i' G |r| 
such that /i' ~ z/ and d{fi', S) = d^u, S) — 1. By induction we know that 
\{fi,,v) > A(/^/,yu'). Therefore we can use Lemma [3l6l to find for each 
yu' 7^ yU ~ z/ a nonnegative integer such that A(/^, ji) > X{fu, i^)- In the 
case where z/ is not an end we also get 

When all the numbers have so been defined, we can set F = fuEy. 
It remains to show that F is antinef. This is equivalent to > for all 
V. We have already seen that = if z/ ^ 5" is not an end. Moreover, 
fu>0 when u E S. In order to complete the proof we need to use the 
following Lemma [4.21 □ 

Lemma 4.2. Assume that N > 1. Let t be an end and fi the vertex 
adjacent to it. //G G A is such that X{gT-,T) > \{g^,^), then Tjr > 0. 

Proof. Note first that 'gr = WY{j)gr — g^i by (j3]). The assumption now 
says that 

g^, + kf, + l ^gr + K + l 



dfx d^ 



By the formulas and 



^^r(T) {gr + fcr + 1) _ wr{T)gr + k^, + 2 ^ {wr{T)gr + 1) + fc;, + 1 
wr{T)dr dfx + dr ~ 

Thereby 

gf, + kf, + l ^ (wr(r)^r + 1) + fc^ + 1 
df, df, 
so that g^j, < wr{T)gr + 1, i.e., > 0. □ 

We are now able to prove our first main result: 

Theorem 4.3. Let a be an ideal in a two-dimensional regular local ring 
R. A positive rational number is a jumping number of a if and only 
if there exists a connected set of vertices S C \T\ and a collection of 
nonnegative integers {a^ G N | d{r],S) < 1} satisfying the following 
conditions: 

i) A(a^, rj) > = A(a^, 7) for every 7 G S* and every rj ~ S; 

ii) wr{'j)a^ = ''^^o.u for every vertex 7 G 5 (when N > 1). 

The condition ii) can be replaced by the condition 
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ii') wr{'y)a^ > 2_^^'^ f^"^ every vertex 7 G S'. 

When these conditions hold, there exists an antinef divisor F with ^ = C,f 
such that S = Sp- Finally, consider the conditions 

1) S is a chain; 

2) z/7 is not an end of S, then = 0; 

3) z/7 is an end of S , then 'y is a star or > Q. 

The set S can then he chosen in such a way that conditions 1) and 2) 
hold while condition 3) is true for any S . 

Proof. The case = 1 being trivial, we may assume that > 1. 

Suppose first that there exists a connected set S* C |r| and a collection 
of nonnegative integers {a^ G N|(i(i/, S) < 1} satisfying conditions i) and 
ii'). Let F G A be an antinef divisor as in Lemma 4.1. For any chain 
7 = z/q ~ ■ ■ • ~ z/r = ^ going away from S", where 7 G S", we then have 

Kfu^ //)>■■•> A(/^, 7) = \{a^, v)=i 

so that ^ = min{A(/,^, z/)|z/ G |r|}. Then ^ = ,^^7 is a jumping number 
by Proposition 12.11 Note that for an end vertex 7 of S*, we have by 
Lemma [3.11 either > or fr(7) > 3, which shows that condition 3) 
automatically holds for S. 

Conversely, if ^ is a jumping number, then by Proposition 2.1 there 
exists an antinef divisor F such that ^ = E,f- We may now choose a 
connected component 5* of Sp and set := f„ for every u with (i(z/, 5*) < 
1. Clearly, the conditions i) and ii') are satisfied. 

It remains to show that if there is a connected set S' C |r| with a 
collection {a^ G N|(i(z/, 5") < 1} that satisfies conditions i) and ii'), then 
we can find a new set S C S' together with a collection {a,y G 5*) < 

1} satisfying conditions i) and ii). Moreover, also conditions 1) and 2) 
should hold for the set S. 

If there is a vertex 7 G 5" which has only one adjacent vertex, say 
rj, and Wr{'y)a'^ > a'^, then we choose S := {7} and take := a'^, 
ttr^ := wr(7)«r 

When this is not the case, we look for chains consisting of vertices 
7 G 5" such that rf^ = if 7 is not an end of the chain. We now take our 
set 5* to be any maximal chain of this type. Obviously conditions 1) and 
2) then hold. 

We will next define the integers for all G |r| with (i(z/, S) < 1. To 
begin with, set := if z/ G 5*. Then take any 7 G 5 and look at the 
vertices t] 'y. Note that if there is only one vertex t] adjacent to 7, then 
we now necessarily have wr{'y)a'^ = (^'-q- By the maximality of S", 77 G S' 
implies ri E S so that '■= 0,'r, will do. Thus we may assume fr(7) > 2. 
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Suppose first that 7 is an end of S such that X{a'^,ri) > ^ for all 
'y ^ f] ^ S . By assumption ii') we have 

If the equality holds, we take for every 7 ~ ^ S*. When this is 

not the case, we may increase the a^:s, t] ^ S, to find numbers such 
that 

wr(7)a7 = y^Q>?- 

For any rj ^ j, rj ^ S, we then have A(a^, 77) > A(a^, 77) > ^. 

Otherwise, we can utilize Lemma [3^ to define the numbers a^. For this 
we note that if 7 now is an end of S, then necessarily, by the maximality 
of 5*, we have > and there must be a vertex rji E S adjacent to 7. 
Furthermore, when 7 is not an end of S, there are two vertices r^i, 772 £ "S* 
adjacent to 7. □ 

Remark 4.4. If ^ = Cf where F is any antinef divisor, then it comes 
out from the proof of Theorem \4.3\ that we can construct the set S in such 
a way that S C Sp and that a-y = f^ for all 7 G S'. 

Recall that the first jumping number of a is the log canonical threshold 

lct(a) = min " . 

dy 

Corollary 4.5. Consider the set of those vertices 7 G |r| for which 



let (a) 



d^ 



This set then satisfies the conditions 1) - 3) of Theorem \4.3\ 

Proof. Recall first that fj>0 for every 7 G |r| if 7^ F G A is an antinef 
divisor. The zero divisor is then the unique antinef divisor F G A such 
that let (a) = C,F- Therefore the claim follows from Theorem 14.31 □ 

Remark 4.6. This was observed by Veys in [HI Theorem 3.3] in the 
context of an embedded resolution of a curve. 

Example 4.7. Conditions 1) and 2) of Theorem \4-3\ do not hold for 
Sp for an arbitrary antinef divisor F G A. To see this, consider the 
configuration of exceptional divisors described by the dual graph 



tj2 ^1 
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and the proximity matrix 



1 
-1 1 
-1 1 

The dual graph is then associated to a minimal principalization of the 
ideal a = p2p3- Now 

D = 2Ei + 3E2 + 3E3 = E2 + E3 and K = E1 + 2E2 + 2Es. 

Let us take 

F := El + E2 + E^ = El. 
One now calculates that 

A(A,1) = |a(/2,2) = A(/3,3) = | 

Then = | with Sp = {2,3}. In particular, we see that Sp is discon- 
nected. However, if 

F' := El + E2 + 2E3 = i?3, 

then also ^p/ = |, but Spr = {2}. We now observe that Spr satisfies the 
conditions 1) - 3) of Theorem \4.3\ 

Theorem 14.31 implies that a support of a jumping number always con- 
tains star vertices or vertices corresponding to Rees valuations. In Corol- 
lary 14.101 we are now going to show the converse: this kind of vertices 
always support some jumping number. First we need two lemmata: 

Lemma 4.8. Let 7 G |r|. If vi -<■■■-< Vr = V o,re points proximate to 
7, then dr, > rd^. 

Proof. For every i = 1, . . . , r, we have i^i >- 7 and Ui >- Pi-i, where = 7. 
Using the base change formula ([2j), we get 

du, = d Ui_i ~\~ d^ -\- d^^ > dy^ -^ -\- dry 

so that 

dr, > rfz/r-i + d^ > dy^._.^ + 2dy > ■ ■ ■ > duj^ + {r — l)d^ > rd^. 

□ 

Lemma 4.9. Let 7 G |r|. 

a) If d^f > 0, then d^ > k^d^. 

b) If Vri'y) + d^ > 3, then d^ — k^ > 2. 

Proof. By ([2]) we have d* = ^^d^q^^^ > d^q^^y for every u G |r|. Again 
by ([2]), and ([8]), we then obtain 

d^ - k^d^ = ^(ci* - d^)q^^u > d^ ^(^7,!/ - 1)97,1/ > 



provmg aj 
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In order to prove b), we first observe that dl = di = Vi{a) > Vi{p^) = 
Q-y,! > 1 and dl> d* > d^. If now q^^i > 2 or if rf^ > 3, we get 

d^-k^ = ^{dl - l)q-y^v > (dl - > 2, 

V 

as wanted. ^ 

Consider then the case i = 1 and d^ < 2. The formula implies 
that in this case 7 is proximate to at most one adjacent vertex. The 
number of adjacent vertices proximate to 7 must then be fr(7) — t, where 
t e {0, 1}. By using (3), we get 

= (i-y + ^ dl> d^ + f r(7) — t > 3 — t. 
Assuming 7 7^ 1, i.e., t = 1, we now obtain 

d^-k^> {di - 1) + (rf; - 1) > 2. 

In the case 7 = 1 we have t = 0, and thus d* > 3. So d^ — k^ > d* — l > 2. 

□ 

We are now ready to prove the promised result: 
Corollary 4.10. Let e \T\. 



a) // dy is positive, then 



n 

dr, 



"1 

is a jumping number of a with a support {7} for any integer n 
such that ndj > d-y. In particular, this implies that 

is a jumping number of a with a support {7} for every positive 
integer n. 
b) If vt{j) + d^ >3, then 

d^ 

is a jumping number of a with a support {7}. This is the case 
especially when 'y is a star. 

Proof. Suppose that {?7 | ~ 7} = {rji, . . . , r/m}- Let be a nonnegative 
integer. By Lemma 13.51 we now have 

m 

$^(LA.-J+l) = ^r(7)«7 + 2-¥'. 

where 

m 

= ^^j + d^K<^^n) 
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is a nonnegative integer. It follows that if <y9 > 2, then we can find 
nonnegative integers a^^. > [AjJ + 1 for j = 1, . . . , m such that 



wr(7)«i 



and that 



This means that we can use Theorem 14.31 to conclude that ^ = A(a^,7) 
is a jumping number with a support {7}. Let us now show that in both 
cases a) and b) we can choose in such a way that ip > 2. 

Consider first the case a). For any integer n such that nd^ > d^, set 



n — — 1. 



By Lemma [4.91 a) is positive. Moreover 



A(a^,7) 



n 
d^ 



Then (/} > d^\{a^,'^) > 2 as wanted. 

Consider then the case b). Set a.y = d-y — kj — 2. Now Lemma (4.91 b) 
implies that is nonnegative. Furthermore, 



A(a^,7) = 

Then 

Aj = d^^^,A(a^,7) - k^^ - 1 
for all j = 1, . . . , m. Thus 



d-y 



d 



^ + dr,j kj^^ 1. 



Vj 



d, 



d^ 



By the formula 



U7r(7)c?7 = ^ dr,^ + d^. 



Hence 



j=i j=i 



d 



d^ 



m J m 



d 



so that 



Vj 



d^ 



j=i j=i 
Since 7 ~ rjj, we have either 7 -< rjj or rjj -< 7. In the first case we 
have a maximal chain z^i -<■••-< z/^^ = rjj of points proximate to 7. By 
Lemma 14.81 this means that d^^ > rjd^ + 1. This certainly holds also 
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when r]j -< 7 if we set rj = in this case. Therefore we have, for every 
j = l,...,m, 



> 1 + r j and ^^^-j = #{z/ G |r| | z/ ;^ 7} = Wr(7) — 1- 
It follows that 

> m - 1 + wr(7), 



and further, y9>m — l + (i^>2, which proves the claim. □ 

Remark 4.11. In the case of a curve on a smooth surface, it was ob- 
served by Smith and Thompson in [9, Theorem 3.1] that b) of Corol- 
lary \4-10\ holds for any star vertex. 

We will next show how new jumping nunbers can be obtained from a 
given one. 

Proposition 4.12. Suppose ^ is a jumping number of a with a support 
S C\T\. Write 

d = gcd{d^\d{7],S) < 1}. 

Then, for any n eN, 

n 

is also a jumping number of a with a support S . 

Proof. Suppose first that S is connected. Let {a^\d{ri,S) < 1} be a col- 
lection of nonnegative integers satisfying the conditions of Theorem 14.31 
For every vertex G |r| with d{r], S) < 1, write 



b 

d- 



Clearly, 

for any G |r| and n G N. Hence 



fi 

X{a^ + nbr,, 7]) = X{an, v) + 



71 

X{a^ + nbr,, ^ ^ + ^ ^ -^(^T + ^^^7' 
for every 7 G and ~ 5. By the proximity inequality for a 
w-yb^d = w-yd^ > dy = d by. 

We thus see that 



Wy{ay + nby) > ^(o.;/ + nb^). 



for every 7 G 5*. The claim then results from Theorem 14. 3[ 
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Consider then the general case. Let Si, . . . ,Sr be the connected com- 
ponents of S. Write 

di := gcd{dr,\d{r], Si) < 1} {i = l,...,r). 

Then clearly d = gcdjdi, . . . , dr}. By the preceeding case we now know 
that 

n 

« + d 

is a jumping number with a support Si for every i = 1, . . . , r. Then the 
claim follows from the following Lemma 14.131 

□ 

Lemma 4.13. // 5*1, 5*2 C |r| are supports of a jumping number C,, then 
so is 5*1 U 5*2 . 

Proof. Let Fi, F2 E A he antinef divisors such that 5*1 = Sp^ and S2 = 
Sf2- Let us define a divisor F by setting 

:= min{/i,,„/2,^}. 

Since Fi and F2 are both antinef, we see that 

for any 7 G |r| and i = 1,2, and further, 

^fv< «^r(7)/7- 

Hence F is antinef, too. Clearly, A(/j,, z/) > ^, where the equality holds 
if and only if z/ G U ^2. Therefore Si U S2 = Sp, which proves the 
claim. □ 

Tucker introduced in [10] the notions of contibution and critical con- 
tribution of a jumping number by a divisor. The contribution of a prime 
divisor had earlier been defined by Smith and Thompson in [9] . Consider 
a reduced subdivisor 

G = E^, + ... + E^^< D. 

One first says that a positive rational number ^ is a candidate jumping 
number for G if ^d^ is an integer for all 7 G {71, . . . ,7r}- The divisor 
G is then said to contribute the jumping number ^ if ^ is a candidate 
jumping number for G and 

Jia^)CTiX,OxiG + K-[^D\)). 

Finally, a contribution is said to be critical if, in addition, no proper 
subdivisor of G contributes ^, i. e., 

J{a^) = T{X,Ox{G' + K - [^D\)) 

for all divisors < G' < G. 
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Proposition 4.14. // a divisor G critically contributes ^, then ^ = 
for an antinef divisor F with Sp = \G\. 

Proof. Set F := {[C,D\ — K — G\)^ . Because ^ is a candidate jumping 
number for G, we have 

G + K-[iD\ <K-[{i-t)D\ 

for small enough e > 0. Let b = V{X,0{—F)) be the complete ideal 
associated to F. By the above we get b C J{a^~^). Clearly J{a^) C b, 
but as G is contributing, we must have J{o.^) 7^ b. It then follows from 
Proposition 12.11 that ^ = ^p- Let us now show that 7 G \G\ is equivalent 
to = ^d^ — — 1. Since ^ = ^p, we have 

fj ^ ^dj — kj — 1 

for all 7 G |r|. Now [^D\ -K -G <F. For 7 ^ |G|, this means that 

f^ ^ L'^'^^J ^7 ^ ^7 ' 

Suppose that we would have > ^d^ — k^ for some 7 G \G\. Write 
G' := G — E^. Then G' is a proper sub divisor of G and 

[^D\ -K-G< [iD\ -K-G' <F = ([^DJ - K - GY 

implying that ([^DJ - K -G')^ = F. But then 

J(a«) cr(x,o(ir + G"- L^DJ)) 

which is impossible, because G critically contributes ^. □ 

Lemma 4.15. Suppose that F is an antinef divisor such that ^ = ^f- 
Then 

G := ^ E^ 

is a contributing divisor for C,- 

Proof. Because A(/-^,7) = ^ for all 7 G Sp, C is a candidate jumping 
number for G. Now 

fu >idy-k^-l 
where the equality holds if and only if G Sp- In other words, 

/. > L^rf.J - k, 

ii p ^ Sp whereas 

fu = [^du\ - k^-1 
if u E Sp. But this says that 

~F <G + K- [^D\ 

implying that 

T{X,0{-F)) cT{X,Ox{G + K - [^D\)). 

Because ^ = ^p, it then follows from Proposition 12 . II that we cannot have 

TiX,OxiG + K-[^D\)) = Jia^). 
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□ 



The following theorem now connects our approach to that of Smith, 
Thompson and Tucker: 

Theorem 4.16. Let a be an ideal in a two-dimensional regular local ring 
R. Let G be a divisor critically contributing a jumping number ^ of a. 
Then there exists an antinef divisor F such that f-y = unless 7 is an 
end not in \G\, A(a^,7) reaches its minimum ^ exactly when 7 G \G\ and 
grows strictly on every path away from \G\. Moreover, 

1) IGI is a chain; 

2) if J E \G\ has more than one adjacent vertex in \G\ then = 0; 

3) if 'y is an end of \G\ then 'y is a star or > 0. 

Proof. According to Proposition 14.141 there is an antinef divisor F' such 
that A(/^,7) = ^ exactly when 7 G Let F be an antinef divisor as 
in Theorem 14.31 such that 

Sp := {7 G r I A(/„7) = O c {7 e r | A(/;7) = O = \G\ 

(see Remark 14. 4p . By Lemma [4. 151 the divisor X^i/gs^- contributing. 
As G is critically contributing, this implies that Sp = \G\, and we are 
done. □ 

Remark 4.17. It was discovered by Tucker in JOl Theorem 5.1] that if 
G is a divisor critically contributing a jumping number, then \G\ satisfies 
conditions 1) -3). 

Unfortunately, the existence of an antinef divisor F as in Theorem 14. 161 
does not guarantee that the contribution is critical. This will come out 
from the following example: 

Example 4.18. Consider the configuration of exceptional divisors de- 
scribed by the dual graph 




and the proximity matrix 



1 
-110 
-10 10 
-10 10 
-1 1 

They are associated to the minimal principalization of the ideal a = 
p^p|p|p7. Now 

D = 20Ei + 24^2 + 24£'3 + 25^4 + 27^5 

and 

K = Ei + 2E2 + 2Es + 2^4 + 2^5- 

Let us take 

F := 3Ei + 3E2 + SE^ + AE^ + 5^5 = ^4 + 2E5. 
One then calculates that 

A(/i, 1) = A(/2, 2) = A(/3, 3) = i A(/4, 4) = ^, A(/5, 5) = ^. 

Thus = \ and Sf = {^^2,?)} . Set G = Ei + E2 + E^. We now observe 
that the divisor F satisfies the conditions of Theorem 4-16 . However, G 
is not critically contributing. Indeed, set 



F' := 3Ei + AE2 + 3E3 + AEi + AE^ = E2 + E4 + E5 
F" := 3^1 + 3^2 + 4^3 + 4^4 + 4^5 = ^3 + ^4 + E^. 

= ^, A(/^, 2) = ^, A(/^, 3) = ^, A(/; 4) = ^, \{fi 5) = ^ 



and 
Then 

and 

Kfl 1) = ^, Kfl 2) = ^, A(/^', 3) = ^, Kfl 4) = ^, \{fl 5) = ^. 

Therefore ^f' = C, = C,f" but 

Sp, = {1, 3} C 5f 2 {1, 2} = Sf". 



By Lemma \4.15\ both Sf' and Sf" contain subsets corresponding to divi- 
sors contributing C,, but then the divisor G cannot be critically contribut- 
ing. Moreover, it is easy to see that both Ei + E2 and Ei + E^ critically 
contribute ^. Note that their intersection Ei does not contribute ^. Ob- 
serve also that in this example the set Sf includes a star vertex which is 
a non-end of Sf- 

We next give a combinatorical criterium for the critical contribution: 
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Theorem 4.19. Let a be an ideal in a two-dimensional regular local ring 
R. Let G be a reduced subdivisor of D such that \G\ contains at least two 
vertices. Then G critically contributes a jumping number ^ if and only 
if \G\ is connected and there exists a collection of nonnegative integers 
{a^ G N I d{u, \G\) < 1} such that 

i) A(aj,, z^) > ^ = A(a^, 7) for any 7 G \G\ and v ~ IGI; 

ii) Wr(7)a7 = for every 7 G IGI; 

iii) \{ay — 1, z^) < ^ for any vertex z/ ~ IGl. 

Moreover, it is enough that iii) holds for vertices z/ ~ 7, where 7 G |G| 
is a star or > 0. 

Finally, if G critically contributes ^ and F is any antinef divisor such 
that ^ has support \G\ with respect to F, then we may take = fy for 
all V with dlu, \G\) < 1. 

Proof. Suppose first that |G| is connected and that there is a coUection 
of nonnegative integers {a^ G N | (i(z/, |G|) < 1} satisfying conditions i) - 
iii). Let F G A be an antinef divisor as in Lemma [4. 1[ This means that 

SF = {^e\T\\X{f,,^)=^} = \G\. 

It then follows from Lemma 14.151 that the divisor G is contributing. For 
some subset S C \G\ the divisor Yliv^s^^ necessarily critically con- 
tributing. If S* 7^ |G|, then there must be a vertex r/ G IG] \ S* adjacent 
to a vertex 7 G 5*. By Theorem 14.161 we can find an antinef divisor F' 
such that = ^F' and S = Sp'- Then X{fl^,ri) > C, = A(a^,r7) so that 

f'^ > ajj. Because = 0, we have 

Thus there must be at least one vertex /i ~ 7 for which < a^. So 
X{f'^,^) < \{a^,fi). This implies /i ^ |G| as otherwise A(/^,/i) < ^ which 
is impossible. If 7 is adjacent to some vertex in S, then 7 must be star. 
If 7 is not a star, then by Theorem 14.161 5* = {7} and d^ > 0. Condition 
iii) now implies that 

A(/;,/x)<A(a^-l,/x)<e 

However, this is possible only if A(/^, /x) = ^. But this means that yU G 5, 
which is a contradiction. Therefore we must have S = \G\ as wanted. 

Suppose then that G critically contributes ^. Let 7 G \G\. By Theo- 
rem U]T3] there then exists an antinef divisor F such that X{fu, v) > ^ = 
A(/^,7) for any z/ ^ \G\. Set a^, = fy for all z/ G |r| with d{v, \G\) < 1. 
Suppose that there would exist a vertex rj j such that A(a^ — 1,?;) > 
A(a^,7). We may choose a vertex 7' G |G| such that 7' ~ 7. Let 5" be 
a connected component of |G| \ {7'} containing 7. Choose a collection 
of nonnegative integers {a'^ G N | (i(z/, S) < 1} so that a'^ = a.^ — 1 and 
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ay = a^' + 1 while = otherwise. Clearly X{al, v) > ^ for any v ^ S. 
Also 

for every /i G S*. Therefore we can use Lemma 14.11 to find an antinef 
divisor F' such that S = Sp'. By Lemma [4.151 the divisor Yliv^s^^ 
then contributing. But this is a contradiction, because G is critically 
contributing. □ 



Example 4.20. Consider the situation of Example \4-18[ We now have 



A(A-1.5) = ^>i 

It therefore follows from Theorem \4 ■ 1 9\ that E1+E2+E3 does not critically 
contribute ^. 



[1 
[2 
[3 

[4; 

[5 
[6 

[7; 

[8 
[9 
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